We consider the thermodynamics of minimally coupled massive scalar field in 3+1 dimensional Taub-NUT background. The brick wall model of 't Hooft is used. When Schwarzschild like coordinates are used it is found that the usual radial brick wall cut-off parameter is required to regularize the solution.
I. INTRODUCTION
A gravitational instanton is a non singular complete positive definite metric which satisfies the classical vacuum Einstein equations or the Einsteins equations with a cosmological constant term. One class of well known gravitational instantons is the Kerr-Newman family of metrics. They posses a continuous isometry group of at least two parameters. A different class of gravitational instantons are obtained when one considers a continuous isometry group of at least one parameter. In this case Gibbons and Hawking [1] obtained a classification scheme based on the dimension of the fixed point set of the continuous isometry group.
This enabled them to obtain two kinds of basic objects. The first kind contains an isolated fixed point. The canonical example is the self-dual Taub-NUT solution [2] . The second type contains a 2-dimensional oriented totally geodesic sub manifold of fixed point. Such a 2-dimensional fixed point set is called a bolt. The canonical example being the Taub-bolt instanton [3] .
The Riemannian metric for Taub-NUT space time is given by [4] , ds 2 = −V (r)(dt + 2N cos(θ)dφ) 2 + dr 2 V (r) + (r 2 + N 2 )(dθ 2 + sin 2 θdφ 2 )
Where V (r) = 1 − 2(Mr + N 2 )/(r 2 + N 2 ). This can be regarded as gravitational dyon with an ordinary electric type mass M and a gravitational magnetic type mass N.This metric has a singularity at θ = 0 and θ = π. The cos(θ) term in the metric means that a small loop around the axis does not shrink to zero length at θ = 0 and at θ = π. This singularity can be regarded as the analogue of a Dirac string in electrodynamics, and is called the Misner string. The metric has also singularities where V = 0 or V = ∞. As in the Schwarzschild case V = ∞ corresponds to an irremovable curvature singularity but V = 0 corresponds to a horizon and can be removed by periodically identifying the imaginary time coordinate.
The Eucledian Taub-NUT instanton is obtained if we let t = iτ , N = iN and M = N in the metric (1) . In that case the metric becomes,
where V(r) is
The solution is regular for r ≥ N if we let the period of τ be 8πN. It is asymptotically locally flat, since a boundary at radius r is a squashed S 3 . It is an S 1 bundle with constant circumference β, (parameterized by τ ), over an S 2 which expands with the radius r, (parameterized by (θ, φ)). There is a zero of V (r) at r = N, and hence a fixed point set.
However, the S 2 parameterized by (θ, φ) vanishes at r = N. Hence the fixed point set is zero-dimensional, that is, a nut.
If we set M = 5 4 N in the metric (1), we get the Taub-bolt instanton. In this case V (r)
is given by,
The solution is regular for r ≥ 2N if the period of τ be 8πN. This instanton is also asymptotically locally flat. It has a fixed point set at r = 2N. Since the S 2 does not vanish there, the fixed point set is two-dimensional, and hence a bolt. It has area 12πN 2 .
Hawking and Hunter have suggested [5] that gravitational entropy arises whenever it is not possible to foliate a given spacetime in the Euclidean regime by a family of surfaces of constant time τ . Such break down in foliation can occur if the U(1) isometry group associated with the Euclidean time like killing vector has a fixed point set of even co-dimension. If the fixed point set has co-dimension d − 2 then the usual relationship between entropy and area holds. However if there exits additional fixed point sets with lower co-dimensionality then the relationship between area and entropy is generalized. Proceeding along this line they obtained an expression for the entropy of Taub-bolt spacetime which is given by 5πN 2 .
Mann [6] carried such arguments a step further to obtain the entropy of Taub-NUT space time which is given by 4πN 2 .
A related issue is the entropy of quantum fields in black hole backgrounds. The entropy of quantum fields is obtained by various methods, e.g., by tracing over local degrees of freedom inside the horizon (geometric entropy) [7] , by explicit counting of degrees of freedom of the fields propagating outside the horizon (entanglement entropy) [8, 9, 10] or by the Euclidean path integral [11, 12] . These expressions are proportional to the area of the horizon and constitute the first quantum correction to the gravitational entropy. Divergences appear in the density of the states associated to the horizon and can be absorbed in the renormalized expression of the gravitational coupling constant [9] . To regularize these divergences 't Hooft proposed [8] that the field modes should be cut off in the vicinity of the horizon by imposing a brick wall cut-off. This method has been used to study the entropy of matter around different black hole solutions.
In the case of Taub-NUT spacetime the Misner string has an effect on the gravitational entropy. In this context it is natural to enquire about the entropy of quantum fields defined on this background. Thus we investigate the thermodynamical behavior of a real scalar field propagating on the 3+1 dimensional Taub-Nut spacetime using the brick wall cut-off.
II. WAVE EQUATION FOR SCALAR FIELDS IN 3+1 DIMENSIONAL TAUB-NUT SPACETIME
The wave equation for a minimally coupled scalar field in a curved background is
In this case of metric (1),it leads to
Since there is no explicit time dependence in the foliation used, we may construct stationary state solutions. We take the stationary state solutions to be of the form
where n is an integer, K a normalization constant, E a real parameter. We have, using the separation of variables,
where λ is an arbitrary parameter. For the radial part, we have,
We want to calculate the entropy of the scalar field. For this purpose we use the WKB approximation to the radial differential equation to obtain the radial degeneracy factor associated with the brick wall boundary condition. We have to find out the quantization condition on the parameters of the angular equation using appropriate boundary conditions.
We first consider the angular part,that is, equ. (8). This equation can be written in the following form.
We chose the separation constant λ to be of the following form:
where l is free real parameter.The angular equation then becomes:
The solution of this equation is:
where
This solution can be expressed in terms of the Jacobi polynomials [13] which are unique rational solution of the differential equation (10) if we impose the following condition on the values of l:
where p is an integer ≥ 0. The solution then becomes:
where x = cos θ, α = (n−2EN), β = (n+2EN) and P (α,β) p (x) are the Jacobi polynomials.
For independent values of n and scalar field energy E, the condition (15) imposes the following quantization condition on the values of l, and n:
n, an integer, |n| ≤ l
The Jacobi polynomials are defined by the following expression:
The radial equation then becomes,
We are interested in the degeneracy of the field modes near the horizon. We use the WKB approximation, i.e, we write R(r) = ρ(r)e iS(r) , where ρ(r) is a slowly varying amplitude and S(r) is a rapidly varying phase factor. When substituted in equ.(19), this gives us the following value for the r-dependent wave number
where,
III. CALCULATION OF ENTROPY
We calculate the entanglement entropy of the scalar field only for those modes for which k(r) is real. These modes are also important in the study of emission and absorption of scalar particles from the black hole horizon. The reality of k(r) imposes the following upper limit on the value of the angular quantum number l:
For large values of r this condition is not an important restriction on the values of l. When we consider the number of energy levels a particle can occupy in the vicinity of the black hole we find an alarming divergence at the horizon. This gives the usual ultraviolet divergence of the free energy of the scalar field similar to the case of Schwarzschild or Reissner-Nordstrom black holes. The particle wave functions extremely close to the horizon must be modified in a complicated way by gravitational interaction between the ingoing and outgoing particles.
Following G. 't Hooft, we assume that the usual quantum field theory description of the scalar field is valid upto a distance ǫ from the outer horizon. Here ǫ is the usual radial (brick-wall) cut-off parameter. The boundary condition then becomes,
The radial degeneracy factor is obtained through the following semiclassical quantization condition:
The total number of wave solutions, with energy not exceeding E, is then given by,
πf (r, l, E)(2l + 1)dl where the integration is taken over only those values of l for which f (r, l, E) is real.
The total free energy of the scalar field is given by:
πf (r, l, E)(2l + 1)dl
The main contributions to the free energy are,
The second part gives the usual infrared divergence associated with the scalar field surrounding the black hole at large distance.
The ultraviolet divergent part of the free of the scalar field associated with the near horizon region is given by,
where ǫ is the brick wall cut-off parameter. The entropy of the scalar field is given by,
This gives,
Now we take the inverse temperature to be the period of the time coordinate in the Euclidean sector of the metric to avoid the conical singularity. As mentioned in the introduction there are two sets of values of the parameters M and N, corresponding to the Taub-NUT and Taub-bolt instantons, for which the metric in the Euclidean sector is regular. For both these cases the period of imaginary time is β = 8πN. Substituting in equation (38), we have,
The cutoff near the horizon is referred to as the 'brick wall'. The physical distance between the brick wall and the horizon is,
In the case of Taub-NUT instanton, we have r + = N, r − = −N. The scalar field entropy, in terms of the physical cutoff parameter,h, is then given by:
Similarly in the case of Taub-bolt instanton we have r + = 2N, r − = N/2, and the scalar field entropy is given by,
In both the cases we find that the scalar field entropy depends on the square of the gravitational NUT charge N. It is also quadratically divergent in the physical cutoff parameter h. Both the expressions for the scalar field entropy are proportional to the crresponding gravitational entropies which are given by 4πN 2 for Taub-NUT space time and 5πN 2 for
Taub-bolt space time.
Alternatively, in the expression (38) we could have put the usual expression for β given
The scalar field entropy in terms of the physical cutoff parameter h is given by,
This expression is quadratically divergent in the cutoff parameter h. It is proportional to the horizon surface area, which, in this case is given by (r 2 + + N 2 ).
IV. DISCUSSION
In conclusion, we have considered the thermodynamics of a scalar field in 3+1 -dimensional Taub-NUT background. In order to regulate the solution of the scalar field wave equation near the horizon we have introduced the usual radial (brick wall) cut-off parameter ǫ. We have calculated the entropy for the stationary modes and found it to be quadratically divergent in the physical cut-off parameter.
The solution of equation (10) can also be formed in a symmetrcal way between n and 2EN and are expressed in terms of spin associated spherical harmonics [14] . A spin associated spherical harmonic of spin weight p satisfies the following differential equation:
where p is an integer 0 ≤ p ≤ l.
The Y p ln are given by the following series expansion: The radial equation becomes,
However with both l and E fixed it is not possible to implement the brick-wall boundary condition.
A quantization condition relating the gravitational magnetic nut charge N to the matter field energy E analogus to equ.(42) was obtained by Hawking in [15] in order to remove the Misner string singularity using double covering of the manifold. The process of removing the Misner string singularity changes the topology of constant r surfaces from S 2 × R 1 to S 3 . This brings closed time-like loops into the manifold, and it is not causally well-behaved.
However, in our work we do not want to remove the Misner string along the axis θ = 0 and θ = π using double covering. We were able to find well behaved solution of the scalar field wave function without imposing any quantization condition relating the NUT charge N and the scalar field energy E.
The expression for entropy in the case of Taub-NUT instanton is remarkable. The gravitational entropy of the Taub-NUT instanton is only due to the presence of an isolated fixed point of the time-like killing vector. At this point the unitary Hamiltonian evolution breaks down and it gives rise to mixed states in the gravitational sector. We find that the scalar field entropy is divergent in the cutoff parameter about this isolated fixed point. Hence the standard quantum field theory description of the matter fields breaks down even in the presence of an isolated fixed point of time-like isometry group. It is expected that in the context of a complete theory of quantum gravity these divergences will be removed.
In this context it will be interesting to calculate the scalar field entropy in the (3 + 1)-dimensional Taub-NUT background using other techniques(e.g., heat kernel expansion or
Hartle-Hawking Green function).
V. ACKNOWLEDGEMENT
It is a great pleasure to the author to thank Prof. P. Mitra for many helpful discussions.
